Abstract. We prove that the multiplication of sections of globally generated line bundles on a model wonderful variety M of simply connected type is always surjective. This follows by a general argument which works for every wonderful variety and reduces the study of the surjectivity for every couple of globally generated line bundles to a finite number of cases. As a consequence, the cone defined by a complete linear system over M or over a closed G-stable subvariety of M is normal. We apply these results to the study of the normality of the compactifications of model varieties in simple projective spaces and of the closures of the spherical nilpotent orbits. Then we focus on a particular case proving two specific conjectures of Adams, Huang and Vogan on an analog of the model orbit of the group of type E 8 .
Theorem A. Let M be a model wonderful variety of simply connected type. The multiplication of global sections
is surjective for all globally generated line bundles L, L ′ on M .
This is false if M is a model wonderful variety not of simply connected type. Indeed, in case M = M mod SO(2r+1) the multiplication of global sections m L,L ′ is surjective for all globally generated line bundles L, L ′ on M if and only if r < 4 (see Section 9.1). This is essentially a consequence of the fact that the tensor product of an almost simple group of type B r does not satisfy the saturation property in the sense of A. Klyachko (see [27] and [29] ). Theorem A will follow from a general argument which works for every wonderful variety M and reduces the surjectivity of the maps m L,L ′ for all globally generated line bundles L, L ′ on M to the surjectivity of a finite number of couples. In order to better explain this general reduction, we introduce some further notation.
Fix a Borel subgroup B ⊂ G and a maximal torus T ⊂ B. Denote by Σ the set of G-stable prime divisors of M and by ∆ the set of B-stable prime divisors of M which are not G-stable: since M possesses an open B-orbit, ∆ is a finite set. Then the Picard group Pic(M ) is freely generated by the line bundles L D with D ∈ ∆ and the free group ZΣ embeds in Pic(M ), so that we may regard ZΣ as a sublattice of Z∆. Moreover, via the isomorphism Pic(M ) ≃ Z∆, the semigroup of globally generated line bundles is identified with the semigroup N∆. We denote by L E the globally generated line bundle associated to an element E ∈ N∆. Define the following partial order relation on N∆:
This partial order is tightly related to the isotypic decomposition of the spaces of global sections of the globally generated line bundles on M , which we may always assume linearized (see Proposition 1.1).
In case M is the wonderful compactification of the adjoint group G ad regarded as a G × G-variety, then Σ is naturally identified with the basis of the root system of G, while ∆ is naturally identified with the set of the fundamental weights of G. More generally, this is true whenever M is a non-exceptional symmetric wonderful variety, in which case it always exists a root system Φ Σ (the reduced root system) such that Σ is a basis of Φ Σ and ∆ is the corresponding set of fundamental weights. This is no longer true in the case of a general wonderful variety: while it always exists a root system Φ Σ ⊂ Z∆ with Σ as set of simple roots, the fundamental weights of Φ Σ associated to Σ may differ from ∆. Therefore we may think the couple (Σ, ∆) as a generalization of a root system.
Suppose that E, F ∈ N∆ are such that E < Σ F and there is no D with E < Σ D < Σ F : then we say that F − E ∈ NΣ is a covering difference. The set of the covering differences is finite and in the case of an usual root system it was studied by J.R. Stembridge in [36] .
For an element E = D∈∆ n D D ∈ Z∆, define the positive part E + = nD>0 n D D and the height ht(E) = D∈∆ n D . We prove the following.
Lemma B (see Lemma 2.4) . Let M be a wonderful variety and let n be such that ht(γ + ) n for every covering difference γ. If the multiplication map
is surjective for all E, F ∈ N∆ with ht(E + F ) n, then it is surjective for all E, F ∈ N∆.
We will use Lemma B to prove Theorem A. We will first study the covering relation in the case of a model wonderful variety proving that ht(γ + ) 2 for all covering differences γ, then we will study the multiplication maps m LE ,LF in the fundamental cases E, F ∈ ∆. The fact that ht(γ + ) 2 for all covering differences γ is an easy exercise in case the couple (Σ, ∆) corresponds to a root system, and as far as we know it could be a general fact which holds for all wonderful varieties.
Proceeding inductively on the partial order Σ , it is easy to reduce the surjectivity of the multiplication map m LE ,LF for every E, F ∈ N∆ to the fact that some special submodules of Γ(M, L E+F ) occur in the image of m LE ,LF . This leads to the definition of low triple (see Definition 2.3), which was already introduced in [13] to treat the case of an adjoint symmetric wonderful variety. To prove Lemma B we will show that it is possible to treat inductively (w.r.t. the height) the low triples of M .
The first part of the paper is entirely devoted to the proof of Theorem A and Lemma B. In Section 1 we fix the notation and recall some results about the wonderful varieties and their line bundles. In Section 2 we define the low triples and prove Lemma B. In Section 3 and in Section 4 we focus on the case of a model wonderful variety, first classifying the covering differences and then classifying the low fundamental triples and studying the associated inclusions. To check the inclusions arising in the exceptional group cases we use the computer.
In the second part we have collected various consequences of Theorem A and Lemma B in different directions.
In Section 5 we prove the surjectivity of the multiplication for a very special class of wonderful varieties, the comodel wonderful varieties, whose colors and spherical roots can be seen in a parallel with those of the model wonderful varieties for groups of simply-laced type (Theorem 5.1).
In Section 6 we explain how in general the surjectivity of the multiplication map can give information on the normality of the closure of a spherical orbit in the projective space of a simple G-module.
In Section 7 we use our results (see Theorem 7.1) to study the normality or the non-normality (which are already well-known) of spherical nilpotent orbit closures, as they are cones over orbit closures in the projective space of a simple module. In particular, we reobtain the normality of the model orbit closure of E 8 (see [1] ).
In Section 8 we concentrate on this model orbit of E 8 . Following J. Adams, J-S. Huang and D.A. Vogan Jr. in [1] , we also consider an analog this model orbit. More explicitly, we consider a K-orbit, where K is the complexification of the maximal compact subgroup of the split real form of E 8 . Then K is the fixed point subgroup of an involution of E 8 , this involution passes to the Lie algebra and K acts on the eigenspace p of eigenvalue −1. Our K-orbit here is just the intersection of the model orbit with p. Moreover, in this very special case, it turns out to be a comodel orbit, that is, related to the comodel wonderful K-variety in the same way in which a model G-orbit is related to the model wonderful Gvariety. For the closure of this comodel orbit we prove the normality and describe the coordinate ring (Theorem 8.6). Furthermore, we describe the space of K R -finite vectors of the unitary representation of the split real form of E 8 that should be associated to this comodel K-orbit via the so-called orbit method (Theorem 8.10 ). Both descriptions were already present in [1] as consequences of some conjectures, which as far as we know are still open.
In Section 9 we give the above mentioned counterexample to the surjectivity of the multiplication in the case of a model wonderful variety of not simply connected type, and this leads us to discuss some general properties of the multiplication map.
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Generalities.
Let G be a simply connected semisimple algebraic group over an algebraically closed field of characteristic zero, fix a maximal torus T of G and a Borel subgroup B ⊃ T . For any group K we denote by X (K) the multiplicative characters of K. We denote also by X (T )
+ the set of dominant characters w.r.t. B and if λ ∈ X (T ) + we denote by V (λ) an irreducible representation of highest weight λ and by −λ * the lowest weight of V (λ). We denote by S the set of simple roots. Let M be a wonderful G-variety with (unique) closed G-orbit Y . By [30] , M is spherical, i.e. it possesses an open B-orbit, say B · x 0 ⊂ G · x 0 ⊂ M . We denote by H the stabilizer of x 0 in G. the elements of Σ are called the spherical roots of M and they naturally correspond to the local equations of the boundary divisors of M , which are G-stable. If σ ∈ Σ, we denote by M σ the associated boundary divisor of M such that T y0 M/T y0 M σ is the 1-dimensional T -module of weight σ.
Picard group and Cartan pairing.
Recall that every line bundle on M or on Y has a unique G-linearization.
We may identify Pic(Y ) with a sublattice of X (T ) and Pic(G · x 0 ) with X (H) (see [26] ): we identify L ∈ Pic(Y ) with the character of T acting on the fiber of L over y 0 , and we identify L ∈ Pic(G · x 0 ) with the character of H acting on the fiber over x 0 .
Consider now the maps ω : Pic(M ) −→ X (T ) and ξ : Pic(M ) −→ X (H) defined by the restriction to the closed and to the open orbit. We may regard Pic(M ) as a sublattice of X (T ) × X (H) by identifying L ∈ Pic(M ) with the couple (ω(L), ξ(L)) (see [10] ). Moreover, we have the following exact sequence 0 −→ ZΣ −→ Pic(M ) −→ X (H) −→ 0.
As a group, Pic(M ) is freely generated by the equivalence classes of line bundles L D := O(D), for D ∈ ∆ (see [9, Proposition 2.2] ). For all E ∈ Z∆, the associated line bundle L E := O(E) is globally generated (resp. ample) if and only if E is a non-negative (resp. positive) combination of colors. We set ω E = ω(L E ), ξ E = ξ(L E ).
There 1.3. Global sections and multiplication. We now recall the description of the space of global sections Γ(M, L) of a line bundle L. Notice first that since M is spherical the decomposition of Γ(M, L) into G-modules is multiplicity free for all L ∈ Pic(M ). If E ∈ N∆ then L E is generated by global sections.
In particular Γ(M, L E ) must contain a copy of V (ω E ) (which is the space of sections of L E on Y ), hence ω E is dominant. We denote by V E the unique simple G-submodule of Γ(M, L E ) of highest weight ω E . Notice also that the image of x 0 in P(Γ(M, L E ) * ) is a point fixed by H. In particular, since BH ⊂ G is open, it follows that the space of spherical vectors
has dimension one and we denote by h E a generator of this line.
If γ = a σ σ ∈ NΣ, we denote by s γ ∈ Γ(M, L M γ ) a section whose divisor is equal to M γ = a σ M σ . Notice that this section is G-invariant. Recall, as defined in the introduction, that we say that F Σ E if E − F ∈ NΣ. If E ∈ N∆ and E Σ F the multiplication by s F −E induces a G-equivariant map from the sections of L E to the sections of L F , in particular we have s
If E, F ∈ N∆, consider the multiplication of sections
A way to translate the description of this map into a problem on spherical vectors is the following. If ∆ 0 ⊂ ∆ is distinguished, then we say that the associated wonderful variety M ′ is the quotient of M by ∆ 0 , denoted by M/∆ 0 .
Recall the following general fact. Proposition 1.3. Let X, Y be normal varieties and suppose that φ : X −→ Y is a surjective proper morphism with connected fibers.
If E = D∈∆ a D D ∈ Z∆ we define Supp(E), the support of E, as the set of colors D such that a D = 0. Corollary 1.4. Let E ∈ N∆ and suppose that ∆ 0 is a distinguished subset of ∆ such that
1.5. Parabolic induction: spherical roots and colors. We describe now a standard way to construct a wonderful variety for the group G from a wonderful variety for a Levi subgroup of G.
Let L be a proper Levi subgroup of G which is standard w.r.t. the choice of S as set of simple roots. Let Q be the parabolic subgroup associated to L and containing B, and let Q − be the opposite parabolic subgroup. Denote by R Q and R − Q the solvable radicals and by U Q and U − Q the unipotent radicals of Q and Q − , respectively. Finally let L ss be the semisimple part of L and denote by
Let N be a wonderful variety for the group L ad , in particular it is a wonderful variety for L where Z(L) acts trivially. Extend the action of L on N to Q − , with U − Q acting trivially, and define the parabolic induction of N as 
Although wonderful varieties have been defined for semisimple groups, in this case it is convenient to look at N as an L-variety and to consider L-linearized line bundles on N . The definitions given for a wonderful variety can be extended to this situation. We define
where we recall that y 0 is the point of M fixed by B − , hence L · y 0 is the unique closed orbit of N . The set Σ is in correspondence with the set of L-stable divisors and in particular σ is the T -weight of T y0 N/T y0 N σ . Moreover, we have that Σ equals the set of spherical roots of M and every element of Σ is a sum of simple roots of L.
By the above properties (3) and (4) for every color D in ∆(N ) we have a canonical choice of a linearization of the associated line bundle and we have a natural decomposition
with a σ 0 for all σ, similarly to what we have done in Section 1.3. In this way Proposition 1.1 holds without any change.
It is easy to see when a G-wonderful variety M can be obtained by parabolic induction. Let P − be the stabilizer of y 0 and let S p the set of simple roots that are in the set of roots of P − . Assume that S ′ = S p ∪ Supp S Σ = S and let L be the standard Levi subgroup associated to S ′ . Let
Q is a wonderful variety for L ad and M is obtained by parabolic induction from N as above.
1.6. Parabolic induction: global sections. Let now M be obtained by parabolic induction from N as above. Let M be a line bundle on M and denote by N its restriction to N . We want to compare the sections of M and N . The restriction of sections induces a map r M : Γ(M, M) −→ Γ(N, N ). Notice that U · N is a dense subset of M , hence the restriction of r M to Γ(M, M) U is injective. We first describe the kernel of r M .
Let
This is an irreducible L-submodule with the same highest weight of
Proof. By the above discussion it is enough to prove that r LE (I E ) = 0. Let v be a highest weight vector (for the action of L) in I E of weight λ. Then ω(E) − λ = α∈S a α α with a α N. If S ′ is the set of simple roots for L notice that, since v ∈ I E , there exists α ∈ S S ′ such that a α = 0. On the other hand, by the generalization of Proposition 1.1 for N discussed in the previous section, the weights of the highest weight vectors in Γ(N, L E ) are of the form ω E − β with β ∈ NS ′ . In particular we must have r LE (v) = 0.
Since the restriction commutes with the multiplication we deduce the following.
In particular, using the property (6) of the previous section, we have the following.
2. Projective normality and the covering relation.
2.1. The covering relation. Let {ω α : α ∈ S} be the set of fundamental weights w.r.t. the simple roots S. For all λ = k α ω α ∈ X (T ), denote by Supp(λ) the set of α ∈ S such that k α = 0 and define its positive part λ + , resp. its negative part λ − , as the dominant weights
If λ ∈ X (T ) + , define also the height of λ as the number ht(λ) = α∈S k α . Suppose that λ and µ are dominant weights with λ < µ (w.r.t. the usual dominance order) and suppose that there is no dominant weight ν such that λ < ν < µ: then one says that µ covers λ and we call µ − λ a covering difference in X (T )
+ . Notice that an element γ ∈ NS is a covering difference in X (T )
+ if and only if γ + covers γ − . Although the following proposition is an immediate consequence of [36, Theorem 2.6], here we give an easy independent proof.
Proof. Let γ ∈ NS be a covering difference and suppose that α ∈ S is such that γ + , α
+ , hence it must be γ = α and ht(γ + ) = 2. Hence we may assume that γ + , α ∨ 1 for every α ∈ S. Suppose that ht(γ + ) 3, (up to reindexing the simple roots) we can take α i , α j ∈ Supp S (γ + ) with i < j such that {α i , . . . , α j } generates an irreducible subsystem of type A:
+ and it follows γ = α i + · · · + α j and ht(γ + ) = 2 (a contradiction).
We now consider the covering relation in the more general context of wonderful varieties. Let M be a wonderful variety with set of spherical roots Σ and with set of colors ∆. For all E = D∈∆ k D D ∈ Z∆, define its positive part E + and its negative part E − as
If E ∈ N∆, define the height of E as the number ht(E) = D∈∆ k D . On the other hand, for all γ = σ∈Σ a σ σ ∈ NΣ define its Σ-height as ht Σ (γ) = σ∈Σ a σ .
Let E and F be in N∆ with E < Σ F and suppose that there is no D ∈ N∆ such that E < Σ D < Σ F : then we say that F covers E and we call F − E a covering difference in N∆. Again, γ ∈ NΣ is a covering difference in N∆ if and only γ + covers γ − .
Remark 2.2. Notice that there are only finitely many covering differences. Indeed, consider the lattice X = {(D, E) ∈ Z∆×Z∆ : E−D ∈ ZΣ} and the rational cone
is an indecomposable element of X + . Finally the number of indecomposable elements in X + is finite and can be controlled as follows: let ℓ 1 , . . . , ℓ t be the half-lines generating the cone, let v i = (D i , E i ) be a generator of ℓ i ∩ X + and let
i n i . As already said in the introduction, in the case of a non-exceptional symmetric wonderful variety, there exists a root system Φ Σ (the restricted root system) which is generated by the spherical roots and such that ∆ is naturally identified with the set of fundamental weights of Φ Σ and the pairing between Σ and ∆ is the Cartan pairing of Φ Σ . Although Σ is always the basis of a root system Φ Σ , in the general case it is not possible to identify ∆ with the fundamental weights of Φ Σ : in particular, it may happen that ZΣ ⊂ Z∆ is not a sublattice of finite index and that the semigroup of radical dominant weights of Φ Σ is not even contained in N∆. However, one can consider the property of Proposition 2.1 without modifications in this context:
Notice that by the above discussion the property (2-ht) holds if M is a non-exceptional symmetric wonderful variety. In the case of the exceptional symmetric wonderful varieties the same argument works without serious complications. In the subsequent section we will show that it is true also in the case of a model wonderful variety (of simply connected type). We have also checked many other examples and, as far as we know, it is possible that it holds for all wonderful varieties.
In analogy with the case of a root system, we say that an element D ∈ N∆ is minuscule if it is minimal w.r.t. the partial order Σ .
2.2.
Projective normality. The notion of low triple has been introduced in [13] in the case of a symmetric wonderful variety. Here we will use the same terminology with a slightly weaker definition. 
Lemma 2.4. Let M be a wonderful variety and let n be such that ht(γ + ) n for every covering difference γ. If
for all low triples (D, E, F ) with ht(D + E) n, then the multiplication map
is surjective for all D, E ∈ N∆.
We proceed by induction first on ht Σ (D + E − F ) and then on ht(D + E). If ht Σ (D + E − F ) = 0 the claim is trivial.
If (D, E, F ) is not a low triple then there exist D
Hence the claim is true for (D ′ , E ′ , F ), and
If (D, E, F ) is a low triple and ht(D + E) n then the claim is true by assumption.
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Assume now that ht(D + E) > n and that (D, E, F ) is a low triple. Let F 1 be a divisor covered by D + E and such that F 1 Σ F . Since ht(D + E) > ht(γ + ) for every covering difference γ ∈ NΣ, it follows that Supp(
hence we can apply the inductive hypothesis to (D 1 , E 1 , F 2 ). So
Together with Remark 2.2, the lemma implies that to prove the surjectivity of m D,E for all D, E ∈ N∆ it is enough to check a finite number of cases. In particular if the property (2-ht) holds, it is enough to check the above inclusion (1) only for the low fundamental triples.
In Section 9.1 we will show that there exist wonderful varieties possessing low fundamental triples
in particular the multiplication of sections of line bundles on a wonderful variety is not necessarily surjective.
The covering relation for model wonderful varieties.
As said in the introduction, a model homogeneous space for a reductive group G (not necessarily simply connected) is a quasi affine G-homogeneous space whose coordinate ring is a model representation of G: each irreducible representation of G appears exactly with multiplicity one. By [32] , for every group G there exists a wonderful variety M such that for every model homogenous space G/H 0 there exists a point in M whose stabilizer is equal to N G (H 0 ) and, viceversa, if H is the stabilizer of a point in M and we set H 0 to be the intersections of the kernels of the multiplicative characters of H then G/H 0 is a model homogeneous space. The variety M is called the model wonderful variety of G.
Notice that H 0 has no characters, hence the set of spherical vectors (i.e., the eigenvectors of H) in a G-module V can be also characterized as the set of vectors in V fixed by H 0 and this space is one dimensional for every irreducible represention of G.
The description of the model wonderful varieties of an almost simple group G (i.e., a non-commutative group having no proper closed connected normal subgroups) is given in [32] . For type B there are two different model wonderful varieties, according as G is isomorphic to the special orthogonal group or to the spin group. In all the other cases the model wonderful variety of G is the same as the model wonderful variety of the adjoint group of G.
In this section we will describe the covering relation for a model wonderful variety M of simply connected type, and we will prove that the property (2-ht) holds in this case. For model wonderful varieties of simply connected type the set of colors ∆ is in bijection, via ω, with the set of fundamental weights, and the set of spherical roots Σ is the set of the sums α + β with α, β non-orthogonal simple roots.
Clearly, in order to study the multiplication of sections of line bundles and the partial order of dominant weights in the case of a model wonderful variety, we may reduce to the case of G almost simple. Moreover, if γ = α∈S a α α ∈ ZΣ we denote by Supp S (γ) the set of simple roots α such that a α = 0. Notice that if γ is a covering difference in N∆ w.r.t. Σ, then Supp S (γ) is a connected subset of S and γ is a covering difference for the model variety of the simply connected group associated to the root subsystem generated by Supp S (γ). Therefore, we will only classify the covering differences γ such that Supp S (γ) = S.
In the following two sections, r will denote the semisimple rank of the group and ∆ = {D 1 , . . . , D r } will be the set of colors, labelled in such a way that ω Di is the fundamental weight ω i . For simplicity we also set D i = 0 for all i 0 and for all i > r. 
Assume first that a 2 > 0. Take the maximum integer k such that a i > 0 for all i k. Then c j 0 for all 3 j k + 2 otherwise γ − + j−2 i=1 σ i ∈ N∆. If k was < r − 1, then c k+1 + c k+2 = −a k−1 − a k+3 would be < 0, a contradiction. Therefore, Supp Σ (γ) = Σ. Now, since γ − + r−1 i=1 σ i ∈ N∆, γ must necessarily be equal to r−1 i=1 σ i which is a covering difference if and only if r is odd: indeed, if r is even,
Assume now that a 2 = 0. Take the maximum odd integer k such that a i = 0 for all even i < k. Then
Furthermore, c k−1 0 otherwise, reasoning as above, a j > 0 for all j k and γ − + r−1 i=k σ i ∈ N∆. If k was < r − 1, then c k−1 + c k = −a k+1 would be < 0, a contradiction. Therefore, a i > 0 iff i is odd, and r is even. Now, since γ − + r/2 i=1 σ 2i−1 ∈ N∆, γ must necessary be equal to r/2 i=1 σ 2i−1 which is a covering difference.
3.2. Type B r . r 2. Let Σ = {σ 1 , . . . , σ r−1 } be the set of spherical roots where
Proposition 3.2. Let γ ∈ NΣ be a covering difference in N∆ with Supp S (γ) = S. Then r is even and
Suppose that k < r is such that r − k is odd and c i 0 for every k < i < r with r − i odd. Then we have the inequalities (where
and it follows that a j a r−1 > 0 for every j k with r − j odd. In particular, k must be > 0.
Let k be maximal with r − k odd and c k > 0. Denote γ 0 = (r−k−1)/2 i=0 σ k+2i = −c k−1 + c k : then γ 0 Σ γ and γ + − γ 0 ∈ N∆, hence it must be γ = γ 0 , k = 1 and r even.
3.3. Type C r . r 3. Let Σ = {σ 1 , . . . , σ r−1 } be the set of spherical roots where
Let k be maximal such that c k > 0. Then we have the following inequalities (for k < r)
It follows that a i > 0 for every k − 1 i < r. Therefore,
we get k = 2 with γ =
. . , σ r−1 } be the set of spherical roots where σ i = α i + α i+1 if i < r − 1 and σ r−1 = α r−2 + α r . Proposition 3.4. Let γ ∈ NΣ be a covering difference in N∆ with Supp S (γ) = S. Then r is odd and
Clearly, a r−2 and a r−1 must be > 0. One has c r−2 1, otherwise γ + − (−2D r−3 + 2D r−2 ) ∈ N∆, thus γ = −2D r−3 + 2D r−2 = σ r−2 + σ r−1 , but Supp S (γ) = S. Since c r−2 = −a r−4 + a r−3 + a r−2 + a r−1 we get a r−4 > 0 and moreover, if c r−2 0, a r−4 > 1.
We go on this way step-by-step. Let k be < (r − 1)/2. Assume a r−2i > 0 for all i k and moreover if, for some j < k, c r−2i 0 for all i j then a r−2i−2 > 1 for all i j. One has k i=1 c r−2i 1, otherwise there would exist 1
we get a r−2k−2 > 0 and moreover, if c r−2i 0 for all i k, a r−2k−2 > 1.
Therefore, we have that r is odd,
3.5. Type E r . 6 r 8. Let Σ = {σ 1 , . . . , σ r−1 } be the set of spherical roots where
Proposition 3.5. Let γ ∈ NΣ be a covering difference in N∆ with Supp S (γ) = S.
If r = 6, (1) 
Assume now a 3 > 0. If c 4 was > 0, then both c 2 and c 3 would be 0, hence a 4 > 0. This would imply c 7 0, hence a 5 > 0, which is impossible (since (
. Then c 4 0. If c 1 was > 0, then both c 2 and c 3 would be 0, hence a 4 > 0. This would imply c 7 0 hence a 5 > 0, and
If c 6 was > 0, we would get c 7 0, a 5 > 0 and c 6 1, which is impossible (since c 1 + c 4 + c 6 = a 2 + a 6 2).
Let r equal 8. Clearly, a 1 , a 2 , a 7 are > 0. Moreover,
. Then c 4 0. Assume c 6 > 0. Then a 5 > 0 (since a 6 > 0 implies c 7 0), hence both c 2 and c 5 are 0. If a 3 was zero, we would get 
. Then a 6 = 0, hence a 5 > 0 and c 8 > 0. Furthermore, since c i = 0 for all 2 i 5, a 3 > 0 and a 1 , a 2 , a 5 2.
Finally, assume both c 1 and c 6 0. Recall that c 4 0, therefore c 8 a 2 > 0. Futhermore, a 3 > 0, c 7 0, a 5 > 0, c 2 0, c 3 0 and a 4 > 0. Then a 2 2, hence c 8 2, a 7 2 and a 5 2, which is impossible (since (σ 2 + σ 3 + 2σ 5 + 2σ 7 ) + = 2D 8 ).
3.6. Type F 4 . Let Σ = {σ 1 , σ 2 , σ 3 } be the set of spherical roots where
3.7. Type G 2 . Let Σ = {σ} be the set of spherical roots where
The proof is trivial.
Low fundamental triples for model wonderful varieties.
In this section we will classify all the low fundamental triples for the model wonderful varieties of simply connected type, and prove that these triples all satisfy the condition (1) of Lemma 2.4. As in the previous section, we can restrict ourselves to the case of an almost simple group G. As we will see in the proof of Theorem A at the end of the section, it is enough to consider only low fundamental triples
We keep the notation of the previous section. We denote by H the stabilizer of a point x 0 in the open orbit of M and by H 0 the intersection of the kernels of the multiplicative characters of H.
Then F = 0 and p + q = r + 1. If moreover r is odd, then p and q are even.
Proof. Notice that every fundamental triple is low: indeed, by Proposition 3.1, for every η ∈ NΣ covering difference in N∆ one has ht(η + ) = 2, hence every color is minimal in N∆ w.r.t. Σ . Therefore, we only need to compute the fundamental triples (
Take a sequence
If r is odd, all the covering differences γ i = F i−1 −F i are of type Proposition 3.1. (2), then p is even.
Proposition 4.2. Let r be odd and let (D, E, F ) be a low fundamental triple with Supp
Proof. By the previous lemma, (D, E, F ) = (D p , D r+1−p , 0) and p is even (as well as r + 1 − p). Set ∆ odd = {D i ∈ ∆ : i is odd}; the subset ∆ odd ⊂ ∆ is distinguished and the quotient M ′ = M/∆ odd is a symmetric wonderful variety (with spherical roots α 2k−1 + 2α 2k + α 2k+1 ).
By Corollary 1.4 together with the surjectivity of the multiplication map in the symmetric case
Proposition 4.3. Let r be even and let (D, E, F ) be a low fundamental triple with Supp S (D+E−F ) = S.
Proof. By Lemma 4.1, we have F = 0 and
). If r is even, the stabilizer H of a point in the open G-orbit of M is the normalizer in G of Sp(r) and in particular is reductive (see [32] ). Therefore, the one-dimensional H-submodules of V (ω D )
* and of V (ω E ) * associated respectively with D and E are dual to each other, hence we may choose the H-
) is a G-invariant element which, as tensor, is described as follows:
Therefore, h D ⊗ h E has a non-zero projection on the isotypic component of highest weight zero and by Lemma 1.2 we get that
Proposition 4.4. There are no low triples (D, E, F ) with σ r−1 ∈ Supp Σ (D + E − F ).
even , take a sequence
Since c(γ, D i ) 0 for every k < i < r with r − i odd, as in the proof of Proposition 3.2 it follows that a j a r−1 > 0 for every j k with r − j odd.
Denote
Proposition 4.5. There are no low triples (D, E, F ) with
Reasoning as in the proof of Proposition 3.3, it follows that
Proof. Notice that, as in type A, every fundamental triple is low. Therefore, we only need to compute the fundamental triples (
is a covering difference for every i n. Recall the classification of covering differences of Propositions 3.1 and 3.4.
(1) p, q r − 2. If q was equal to r − 1 then (r − 1) − p should be non-zero and odd, thus
which is impossible since the distance between the vertices r and p − 1 is even. By symmetry, the same argument works if q = r.
(2) q − p is even. If q − p was odd, there would exist i such that F i is D p ′ + 2D q ′ with q ′ equal to r − 1 or r and (r − 1) − p ′ even, which is impossible.
(3) r − p is even (as well as r − q). Here again if r − p and r − q were odd, there would exist i such that F i is D p ′ + 2D q ′ with q ′ equal to r − 1 or r and (r − 1) − p ′ even. Therefore, there exists i such that γ j is of type Proposition 3.1.(2) for every j < i and γ i is either of type Proposition 3.1.(1) or of type D.
In the first case,
′′ is equal to r − 1 or r. Then necessarily p ′ − 2 = 1 and
Proof. We need an explicit computation. Denote by U = C 2r the first fundamental representation of G (that is, the standard representation of SO(2r)) and fix b ∈ S 2 U a G-invariant non-degenerate symmetric 2-form. If W ⊂ U is a maximal isotropic subspace, we get then a decomposition U = W ⊕ W * . Fix a non-zero vector e 0 ∈ W and consider the corresponding decomposition U = V ⊕ C e 0 ⊕ V * ⊕ C e * 0 , where V ⊂ W is a complement of the line C e 0 and where e * 0 ∈ W * is defined by e * 0 (e 0 ) = 1, e * 0 V = 0. Then (see [32] ) the Lie algebra h 0 of H 0 can be described as
where Skew(V, V * ) ⊂ Hom(V, V * ) denotes the subspace of skew-symmetric linear maps and where h 0 is embedded in so(U ) as follows (here we denote by u = (v, λe 0 , ψ, µe *
As already mentioned at the beginning of Section 3 every simple G-module possesses a unique h 0 -invariant element. In particular, if we denote
. In this way we may describe the h 0 -invariant vectors in every exterior power Λ i U with i r − 1. Set indeed
. Set ω 0 = 0 and recall that if i 0 then
To conclude the proof, by Lemma 1.2, we only need to show that, if i, j are odd integers with i+j r +1, then there exists an equivariant projection π :
Suppose that i, j are odd with i + j r + 1 and set 
After Proposition 3.5, the proof of this lemma is a quite long but trivial case-by-case computation, which we do not report here. 
Let us first deal with the triple (D
and the quotient M ′ = M/∆ 0 is a symmetric wonderful variety (with spherical roots {2α 1 + α 2 + 2α 3 + 2α 4 + α 5 , α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 ). Therefore, we can conclude by Corollary 1.4 and the surjectivity of the multiplication map in the symmetric case.
For all the other triples of Lemma 4.8 we have to use Lemma 1.2. Since the dimension of the involved representations is quite high, we have used the computer and, more precisely, GAP [19] , a software for computations which contains built-in functions to construct and deal with representations of simple Lie algebras (see also [17] ).
Although the dimension of some of the involved representations is very high, we have succeded to make the computation accessible with a currently available home computer. A quite convenient tool is the quadratic Casimir operator c, which acts as the scalar (λ + 2ρ, λ) on every irreducible representation V (λ). Let (D, E, F ) be a low fundamental triple, once the irreducible representations V * D and V * E are constructed, and the vectors h D and h E are explicitly found, it is tipically enough to project h D ⊗ h E onto the eigenspace of c relative to (ω * F + 2ρ, ω * F ), and there is no need to construct the whole tensor product V *
Sometimes for E 8 the dimension is so high that it is even quite costly to construct the irreducible representation V * D itself (V D5 has dimension 146,325,270). Here we use a further escamotage. The set 
, and notice that this is enough to treat all the above triples. 
The proof is trivial, after Proposition 3.6.
This can easily be checked via computer.
Proposition 4.12. There are no low triples (D, E, F ) with
Projective normality of model wonderful varieties.
We are now ready to prove that the multiplication of sections on a model wonderful variety of simply connected type is surjective. A localization of a wonderful variety M is a G-stable subvariety of M , which is a wonderful G-variety by itself. Notice that we have a bijective correspondence between localizations of M and subsets of Σ. More precisely, for all subsets Σ ′ of Σ, the intersection of the boundary divisors M σ for σ ∈ Σ ′ gives a wonderful variety with Σ Σ ′ as set of spherical roots.
Proof of Theorem A. By the classification of the covering differences given in the previous section, it follows that the model wonderful varieties of simply connected type satisfy the property (2-ht). Hence by Lemma 2.4 it is enough to show the inclusion s D+E−F V F ⊂ V D V E for all the low fundamental triples (D, E, F ). Here we only need to show that we can reduce to the low fundamental triples (D, E, F ) such that Supp S (D + E − F ) = S, whose case has been proved above in this section.
Let (D, E, F ) be a low fundamental triple, denote γ = D + E − F and S ′ = Supp S (γ) and suppose that S ′ = S. Let Q be the parabolic subgroup associated to S ′ and set G ′ = Q/R Q . Since (D, E, F ) is a low triple, it follows that S ′ is connected, hence G ′ is an almost simple group. Consider the localization M ′ of M with Σ ′ = {σ ∈ Σ : Supp S (σ) ⊂ S ′ } as set of spherical roots. Then M ′ is the parabolic induction of the model wonderful G ′ -variety N of simply connected type. Notice that D, E ∈ ∆ and consider the difference F = D + E − γ ∈ Z ∆ (where γ is regarded as sum of spherical roots of N hence as an element of Z ∆). Since (D, E, F ) is a low triple in N∆, it follows that (D, E, F ) is a low triple in N ∆. Since Supp S ′ (γ) = S ′ , we have that
. This concludes the proof, since the latter is just the restriction of the multiplication map
Let M be a wonderful variety and let N be a quotient of M . Then the pull-back of line bundles identifies Pic(N ) with a sublattice of Pic(M ) and a line bundle L ∈ Pic(N ) is generated by global sections if and only if its pull-back (which we still denote by L) is. Moreover, by Corollary 1.
is also surjective. Let now N be a localization of M and let L, L ′ ∈ Pic(M ) be generated by global sections. Then the restriction of sections to N is surjective, therefore if the multiplication
) is also surjective. If moreover M is a model wonderful variety of simply connected type, then the restriction of line bundles induces an identification Pic(N ) = Pic(M ) for every localization N ⊂ M , and the line bundles generated by global sections are also identified. The same is true whenever M ′ is the quotient of a localization of a model wonderful variety of simply connected type and N ′ is a localization of M ′ . Therefore proceeding inductively we get the following corollary of Theorem A. 
is surjective for all the line bundles L, L ′ ∈ Pic(N ) generated by global sections.
Projective normality of comodel wonderful varieties.
Motivated by an application that we will illustrate below in Section 8, here we will study the surjectivity of the multiplication of sections in another class of wonderful varieties, which we call comodel.
Let G be simply connected of simply-laced type, and fix T and B as usual. Let M be a model wonderful variety of G, with set of colors ∆ (in bijection with the set of fundamental weights), set of spherical roots Σ and Cartan pairing c : ∆ × Σ → Z. Let G ∨ be a simply connected group whose root system is isomorphic to Φ Σ , the root system generated by Σ. Once fixed T ∨ and B ∨ , its set of simple roots S ∨ is thus in bijective correspondence with Σ. Then there exists a comodel wonderful variety of G ∨ , that is, a wonderful variety M ∨ for the action of the group G ∨ whose set of spherical roots Σ ∨ is equal to the set of simple roots S ∨ of G ∨ , its set of colors ∆ ∨ is in bijective correspondence with ∆ and, under these correspondences, its Cartan pairing c ∨ : ∆ ∨ × Σ ∨ → Z equals the Cartan pairing c of the model wonderful variety M . In this case the type of G will be called the cotype of M ∨ . Forgetting the model wonderful variety, in the following M will be a comodel wonderful variety of G, H will denote the stabilizer of a point x 0 in the open orbit of M , and H 0 the kernel of its multiplicative characters; h 0 will denote the Lie algebra of H 0 in the Lie algebra g of G.
The comodel wonderful varieties correspond to the following cases in [4] . An explicit description of the corresponding subgroups H can be found in [8] .
The colors of M will be enumerated as in the corresponding model wonderful variety. Similarly, we denote by h i ∈ V * Di the H-semiinvariant associated to D i . This vector will be invariant under H 0 . More explicitly, set the map ω as follows.
-
Since the Cartan pairing of the comodel wonderful varieties is the same as that of the model varieties, the classification of the covering differences is also the same and the property (2-ht) holds. As we will see at the end of the section, in order to apply Lemma 2.4 it is enough to test the surjectivity on the same low fundamental triples arising in Section 4 in the model case.
In the computations below we use the following conventions. We denote by e 1 , . . . , e n the standard basis of V = C n and by ϕ 1 , . . . , ϕ n the dual basis. We also denote by e i1i2...i k the vector e i1 ∧ e i2 ∧ · · · ∧ e i k ∈ Λ k V and similarly for ϕ i1i2.
...n and we denote by γ k : Λ k V −→ Λ n−k V * the associated map. We also identify V 1 ⊗ V 2 with Hom(V * 1 , V 2 ) in the usual way, and if V 1 = V 2 = V we identify S 2 V and Λ 2 V with symmetric and antisymmetric linear maps in Hom(V * , V ). Starting with the vector space V we will construct a new vector space W = V ⊕ V * ⊕ Z as the direct sum of V , V * and another piece Z that will be zero, one or two dimensional. In particular the dual of W can be identified with V * ⊕ V ⊕ Z * . Once a basis of Z is fixed, say z 1 , . . . , z t , we will denote the dual basis of e 1 , . . . , e n , ϕ 1 , . . . , ϕ n , z 1 , . . . , z t by e * 1 , . . . , e * n , ϕ * 1 , . . . , ϕ * n , z * 1 , . . . , z * t . For a vector space U we have contraction maps κ
In particular we set κ U = κ 2 1 U . Similarly, for a vector space U with a symmetric bilinear form ( , ) we haveκ 
On W is defined a quadratic form such that V and V * are orthogonal to e and ε, moreover (e, ε) = 1 and (e, e) = (ε, ε) = 0.
Let G = SL(V ) × Spin(W ). Notice that we have a natural immersion of SL(V ) in Spin(W ). Consider the action of Λ 2 V on W which is zero on V , e and ε and whose action on V * is given by the identification of Λ 2 V with the antisymmetric maps from V * to V . Consider also the action of V on W given as follows:
This define an embbeding of h 0 = sl(V )
are generated by the vector h 2i corresponding to the identity element in
are generated by the vector h 2i+1 = h 2i ∧ (e − ε). So that we have
Finally if p = 2t + 1 and q = 2s + 1 then the projection Φ : V * Dp
is given by
where the action of sl(V ) is the natural one and the action of S 2 V is given by b · (v, ϕ) = (b(ϕ), 0) while the action on
. We analyze the triples of Lemma 4.8:
} is distinguished and the associated quotient is a symmetric wonderful variety, so the third triple follows as in Proposition 4.2. Therefore, by symmetry it is enough to analyze the last two triples. We need to compute h 3 , h 5 , h 6 .
We have V * D6 = Λ 2 W . Looking at the action of sl(V ) we find only one invariant in V ⊗ V * ⊂ Λ 2 W corresponding to the identity in End(V * ). Hence we get h 6 = e 1 ∧ ϕ 1 + e 2 ∧ ϕ 2 + e 3 ∧ ϕ 3 . The representation V * D5 is contained in Λ 2 W ⊗ W * and it is the kernel of κ W . It contains two invariants under the action of sl(V ):
. Moreover the action of S 2 V on x is clearly trivial while it is not on y. 
Recall that we identify S 2 V ⊕ Λ 2 with the decomposition of Hom(V * , V ) into symmetric and antisymmetric matrices. We have an action of h 0 on W given as follows. Let (a, b, ω, u) ∈ h 0 and (v, ϕ, λe) ∈ W then
where γ = γ 2 : Λ 2 V −→ V * is defined as above. This defines an immersion of h 0 into sl(W ) whose image is closed under the Lie bracket. Indeed, if (a, b, 
It is also useful to write the action on W * which is given as follows. We have W . Looking at the action of sl(V ) we get three invariants: the vector x ∈ Λ 2 V ⊗ Λ 2 V * corresponding to the identity in End(Λ 2 V ), the vector y = e 123 ∧ e ∈ Λ 3 V ⊗ C e and the vector z = ϕ 123 ∧ e ∈ Λ 3 V * ⊗ C e. Hence the invariant is a linear combination of these vectors. A small computation shows that h 1 = 2y − x = 2e 123 ∧ e − e 12 ∧ ϕ 12 − e 13 ∧ ϕ 13 − e 23 ∧ ϕ 23 .
5.4.2.
Computation of h 6 . The representation associated to D 6 is the kernel of the map κ W in Λ 2 W ⊗W * . In Λ 2 W ⊗ W * there are five invariant vectors under sl(V ):
A small computation shows that
Analysis of the triple
The representation associated to the color D 3 is the kernel of the wedge product in W ⊗ Λ 4 W −→ Λ 5 W . We consider the map Φ : 
A direct computation shows that Ψ(h 6 ⊗ h 6 ) = −6 e 123 ⊗ e * ∈ V * D2+D7 .
Cotype
On W it is defined a non-degenerate symmetric bilinear form such that V ⊕ V * is orthogonal to Λ 2 V and such that restricted to V ⊕ V * and to Λ 2 V is the one introduced at the beginning of this section. Let A be the kernel of the wedge product
There is an action of h 0 on W given as follows. Let (a, b, α) ∈ h 0 and (v, ω, ϕ) ∈ W then
where γ, δ are defined as follows.
The action of h 0 on W defines an immersion of h 0 into so(W ), whose image is closed under the Lie bracket and more explicitly for a, a ′ ∈ sl(V ), b, b ′ ∈ A and α, α ′ ∈ Λ 2 V we have:
where ζ is the map
The triples of Lemma 4.8 are (
5.5.1. Computation of h 1 . The representation associated to D 1 is Λ 3 W . Looking at the action of sl(V ) we get two invariants:
We notice now that X is invariant also by the action of A and Λ 2 V . Indeed if b ∈ A then b · x ∈ Λ 3 X ≃ Λ 3 V , in particular we get a sl(V )-equivariant map from A to Λ 3 V , which must be zero. A similar argument proves that α · x = 0 for α ∈ Λ 2 V . While it is easy to check that if b = e 1 ∧ e 12 , which belongs to A, then b · y = 0. Hence h 1 = x = e 1 ∧ e 2 ∧ e 34 − e 1 ∧ e 3 ∧ e 24 + e 1 ∧ e 4 ∧ e 23 + e 2 ∧ e 3 ∧ e 14 − e 2 ∧ e 4 ∧ e 13 + e 3 ∧ e 4 ∧ e 12 .
5.5.2.
Computation of h 3 , h 5 , h 7 . Let P be the parabolic of Spin(W ) defined by g(V ) ⊂ V . Notice that H ⊂ P . Let U be the unipotent radical of P , L its Levi subgroup, and L ss its semisimple part. Notice that L ss ≃ SL(4) × SL(4). Let T ⊂ G the maximal torus of elements acting diagonally on W with respect to the basis e 1 , . . . , e 4 , e 12 , e 13 , e 14 , e 23 , −e 24 , e 34 , ϕ 4 , . . . , ϕ 1 and B ⊂ G the subgroup of elements whose action on W is upper triangular with respect to this basis. The natural action of SL(V ) on W induces an embedding SL(V ) −→ L that on diagonal elements takes the form (t 1 , t 2 , t 3 , t 4 ) −→ (t 1 , t 2 , t 3 , t 4 , t 1 t 2 , t 1 t 3 , t 1 t 4 , t 2 t 3 , t 2 t 4 , t 3 t 4 , t 
U . This is an irreducible representation of L of the same highest weight of V * Di : ω 3 + ω 7 for i = 3, ω 2 + ω 5 for i = 5, and ω 1 + ω 6 for i = 7. When we restrict this representations to SL(V ) we get
in particular there is an invariant element under h 0 . For notational convenience, here and below, set e 5 = e 12 , e 6 = e 13 , e 7 = e 14 , ϕ 7 = e 23 , ϕ 6 = −e 24 , ϕ 5 = e 34 .
Let U ⊂ W be the subspace spanned by e 1 , . . . , e 7 , so that W becomes U ⊕ U * . Now we need to describe the spin representations. Consider the whole exterior algebra ΛU * . It decomposes into odd and even degree parts Λ odd U * ⊕ Λ even U * . Since the G-action we are going to define is not the natural one, we stress the difference by using a different notation: set ψ i1..
and more generally the map σ n :
which we can restrict to Λ n W if we think w 1 ∧ · · · ∧ w n as the corresponding antisymmetric tensor, with coefficient 1 n! . To get the spin representations we can just take the map σ 2 , indeed notice that Λ 2 W identifies with so(W ) through w 1 ∧ w 2 = (w 2 , )w 1 − (w 1 , )w 2 . We thus have that the vector ψ i1...i k has weight 1 2
We get the following expressions of the H 0 -invariants: (D 1 , D 1 , D 2 ). The representation associated with D 2 is Λ 4 W . The H 0 -invariant h 2 is e 1234 . Indeed, the set of colors ∆ {D 2 } is distinguished and the quotient is homogeneous, hence a H-semiinvariant in V * D2 must be P -semiinvariant. Here we getκ 3 3 W (h 1 ⊗ h 1 ) = 3h 2 .
Analysis of the triple

(D 1 , D 5 , 2D 2 ). Consider the map Φ : Λ 3 W ⊗ Λ 2 W ⊗ Λ 5 W −→ Λ 4 W ⊗ Λ 4 W such that Φ (w 1 ∧ w 2 ∧ w 3 ) ⊗ x ⊗ y = (w 1 ∧ w 2 ∧ x) ⊗ κ 5 1 W (y ⊗ w 3 ) − (w 1 ∧ w 3 ∧ x) ⊗ κ 5 1 W (y ⊗ w 2 ) + (w 2 ∧ w 3 ∧ x) ⊗ κ 5 1 W (y ⊗ w 1 ). We have Φ(h 1 ⊗ h 5 ) = 6 h 2 ⊗ h 2 .
We get Φ(h 1 ⊗ h 7 ) = 3h 3 .
We get Φ(h 1 ⊗ h 8 ) = −3h 7 .
Analysis of the triple (D
W there is a symmetric bilinear form ( , ) naturally induced by the given form on W . On the other hand, V (ω 6 ) and V (ω 7 ) are reciprocally dual, so there is , natural non-degenerate pairing. Consider the map Ψ :
and the map Φ :
We get Φ(h 3 ⊗ h 8 ) = h 5 . . Consider the map Φ :
We get Φ(h 5 ⊗ h 8 ) = −3 h 2 ⊗ h 7 .
Here we get that Φ(h 7 ⊗ h 8 ) is a U -invariant vector of weight ω 4 .
Projective normality of comodel wonderful varieties.
Theorem 5.1. Let M be a comodel wonderful variety and let L, L ′ be line bundles generated by global sections. Then the multiplication map m L,L ′ is surjective.
Proof. As in the case of the model wonderful varieties, by Lemma 2.4, we are reduced to study the low fundamental triples.
Recall that in the model case we have classified, for every G of connected Dynkin type, the low fundamental triples (D, E, F ) of the model wonderful G-variety (of simply connected type) such that Supp S (D + E − F ) = S.
In the comodel case, these correspond to the low fundamental triples (D, E, F ) of the comodel wonderful varieties of connected Dynkin cotype such that Cosupp(D + E − F ) = ∆, where Since we have already checked the surjectivity for all such low fundamental triples, we can conclude by applying Proposition 1.6 as in the proof of Theorem A (see Section 4.8).
6. On the normality of spherical orbit closures in simple projective spaces.
Let M be a wonderful G-variety with set of spherical roots Σ and set of colors ∆. Denote by H the stabilizer of a point
ξD is the associated H-eigenvector, consider the orbit closure
, which is a simple (possibly non-normal) spherical variety. We have a natural morphism
By [25, Corollary 7.6 ] and [7, Corollary 2.4.2.2], every spherical orbit in a simple projective space always admits a wonderful compactification, so the described situation is absolutely general. As a consequence of the results of the previous sections, here we will show that under some special assumptions on M the variety X D is always normal.
The variety X D was studied by G. Pezzini in [35] when D is ample, that is, D ∈ N >0 ∆. Under this assumption, either X D is isomorphic to M or it is not even normal. In case X D ≃ M , then M is called strict : this is equivalent to the conditions H = N G (H) and Σ ∩ S = ∅. There are essentially two main classes of examples of strict wonderful varieties: the adjoint symmetric wonderful varieties and the model wonderful varieties.
When D is not ample, the variety X D was then studied in [33] in the symmetric case and in [18] in general. More precisely, the orbit structure of X D and that of its normalization X D were analyzed. In particular, it was proved that the normalization X D −→ X D is always bijective if M is adjoint symmetric or if G is of simply laced type and M is strict, while the main counterexamples where bijectivity fails, in the strict case, arise with the model wonderful varieties for groups of not simply laced type.
We say that D ∈ N∆ is a faithful divisor 
is an integrally closed algebra, therefore X D is normal. Moreover, we have the following. 
for every n 0 and we are reduced to the case of a faithful divisor.
In the adjoint symmetric case, the above proposition was proved in [11, Theorem 2.6] . If D 1 , . . . , D m ∈ N∆, consider the variety
) and denote by φ D1,...,Dm : M −→ X D1,...,Dm the map such that φ D1,...,Dm (x) = (φ D1 (x), . . . , φ Dm (x)).
Proposition 6.4 ([6, Proposition 1.2]). Let M be a wonderful variety and let
ii) Since M is strict, by the description of the restriction ω : Pic(M ) −→ X (T ) (see [37, Lemma 30.24 
Proof. Consider the map φ V1⊗···⊗Vm : M → X V1⊗···⊗Vm . The lemma follows by noticing that φ *
is the multiplication map. Proposition 6.7. Let M be a wonderful variety and suppose that the multiplication of sections is surjective for every couple of globally generated line bundles. Let D 1 , . . . , D m ∈ N∆ and denote
hence by the previous lemma A(Γ 1 , . . . , Γ m ) = A(D) and X Γ1⊗···⊗Γm is a projectively normal variety.
Corollary 6.8. Let M be a wonderful variety and suppose that the multiplication of sections is surjective for every couple of globally generated line bundles. 
by the previous proposition, we have that X ΓD,ΓE ≃ X ΓD⊗ΓE is a normal variety. On the other hand since X D and X E are normal, we have that X D,E ≃ X ΓD ,ΓE , while by Proposition 6.4.i we have that X D+E ≃ X D,E .
ii) Since M is strict, it follows by the description of ω : Pic(M ) −→ X (T ) that Supp(ω D )∩Supp(ω E ) = ∅ if and only if Supp(D) ∩ Supp(E) = ∅. Therefore the claim follows straightforwardly from i).
Corollary 6.9. Suppose that M is a symmetric variety with reduced root system of type A or that it is a model wonderful variety for a connected semisimple group of type AD. Then X D is normal for all D ∈ N∆.
Proof. By the description of the covering relation, it follows that under the assumptions on M it holds ht(γ + ) = 2 for every covering difference γ in N∆. Therefore every D ∈ ∆ is minuscule and Γ(M, L D ) = V D . Therefore, X D is projectively normal for all D ∈ ∆ and it follows by the previous corollary that X D is normal for all D ∈ N∆.
On the normality of cones and nilpotent orbits.
Following the same approach of [15] and [11] , we can apply Theorem A to study the normality of cones over model varieties. In particular, as pointed out by Luna some years ago, we can apply our theory to study the normality of the closure of spherical nilpotent orbits in the Lie algebra of G.
Let M be a wonderful variety with set of colors ∆ and set of spherical roots Σ and assume that the multiplication of sections is surjective for every couple of globally generated line bundles. Let g be the Lie algebra of G. If g is not simple, then its nilpotent orbits are products of the nilpotent orbits of its simple factors, and so are their closures. Therefore we may assume that g is simple.
Let e ∈ g be a non-zero nilpotent element, let O be its adjoint orbit, consider an sl(2)-triple (e, h, f ). Choose a maximal toral subalgebra t of g containing h and a Borel subalgebra b containing t and e and such that α(h) 0 for every α ∈ S, where we denote by S = {α 1 , . . . , α r } the set of simple roots defined by the choice of t and b. The string (α 1 (h), . . . , α r (h)) is called the Kostant-Dynkin diagram of O and it uniquely determines the orbit O. Moreover, every α i (h) is 0, 1 or 2. Let θ be the highest root corresponding to the choice of S and define the height of O as height(O) = θ(h). The height does not depend on the various choices we have made (see [14] ); furthermore, O is spherical if and only if height(O) 3 (see [34] ). Notice that this last condition is equivalent to say that O is {0} or it has height equal to 2 or to 3, see again [14] .
By making use of the projective normality of the symmetric wonderful varieties, in [11] it has been proved that the closure O is normal if height(O) = 2, which is originally due to W. Hesselink [22] . We now study the normality of O in the case of height(O) = 3 (see [34, Table 2 ]) by making use of the projective normality of the model wonderful varieties.
Denote by U ≃ G/H the orbit of the line [e] ∈ P(g) = P(V (θ)), namely the image of O via the natural projection. As every spherical orbit in the projective space of a simple G-module, U possesses a wonderful compactification, which we will denote by M O . In [5] we can find a description of the stabilizer of In particular, M O turns out to be a strict wonderful variety, and in particular the restriction of line bundles to the closed orbit Pic(M O ) −→ X (B) is always injective. Therefore, we may regard θ as an element of N∆ and we have U = X θ and O = C θ .
In order to study the normality of O, we will need the following. 
is surjective for all globally generated line bundles L,
The rest of the section will be essentially devoted to the proof of this theorem. Notice that by construction θ is identified with a faithful divisor on M O . Therefore the normality (resp. the nonnormality) of O = C θ will follow case-by-case by noticing that θ is minuscule (resp. non-minuscule) and applying Proposition 6.5. 7.1. Cases I, III, VII, IX,XI: model orbits. By the description in [5] , in these cases we have that M O is the model wonderful variety of the simply connected group G. Notice that θ is always minuscule in N∆ but in the cases B 2n+1 and G 2 : it follows that O is normal in the cases III, VII, IX, whereas it is not normal in the cases I, XI.
7.2. Cases IV (m even), VI, VIII: localization of model wonderful varieties. In this case M O is not a model wonderful variety, however it is a quotient of a localization of a model wonderful variety and we still may proceed as in the case of a model orbit thanks to Corollary 1.4 and Corollary 4.13. In order to conclude the argument, we now describe which localizations and quotients we have to take into account in each of the considered cases. We denote by M the model wonderful variety of G.
Case IV (m even
7.2.2. Case VI. Let N be the boundary divisor corresponding to the spherical root
7.2.3. Case VIII. Let N be the boundary divisor corresponding to the spherical root
7.3. Cases II, IV. In these cases we need to prove the surjectivity of the multiplication for other classes of wonderful varieties. Let G = Spin(k), let r be the semisimple rank of G (i.e., k = 2r + 1 if k odd or k = 2r if k even) and let 2 s (k − 3)/2. Consider the wonderful variety M corresponding in [5] to the case (18) when k is odd and to the case (43) when k is even.
Its spherical roots and colors are given as follows: Σ = {σ 1 , . . . , σ s } and ∆ = {D 1 , . . . , D s+1 }, where
Notice that the Cartan pairing of M does not depend on the parity of k. Also, notice that ω(D i ) = ω i for i = 1, . . . , s + 1.
First we need to classify the covering differences for M . We omit the proof of the following proposition, which is essentially the same of Proposition 3.4. Proposition 7.2. Let γ ∈ NΣ be a covering difference in N∆ with Supp S (γ) = S. Then s is even and
In particular, it follows that every covering difference for M satisfies the property (2-ht). Therefore by Lemma 2.4, in order to prove the surjectivity of the multiplication of sections of globally generated line bundles on M , we are reduced to the study of the low fundamental triples. Here, as in Lemma 4.6, we have the following.
Proof. As in the proof of Theorem A, if Supp(D + E − F ) = S we can proceed by localization and parabolic induction. Therefore it is enough to consider the triples of Lemma 7.3. Denote by U = C k the standard representation of Spin(k) with the invariant symmetric bilinear form b. Let V ⊂ U be a totally isotropic subspace of dimension s, let ω V ∈ Λ 2 V be a symplectic form on V and fix e 0 ∈ U (V ⊕ V * ) with b(e 0 , e 0 ) = 1. Let H be the generic stabilizer of M . Then H contains the center of Spin(k) and its image H in SO(k) is described as follows:
s, then up to a scalar factor we have h 2j = ω ∧j V and h 2j+1 = e 0 ∧ h 2j . The projection
U is given by contraction as follows:
is as in Lemma 7.3, we get π(h p ⊗ h q ) = h p+q−2 = 0, and by Lemma 1.2 it follows that s Dp+Dq−Dp+q−2 V Dp+q−2 ⊂ V Dp V Dq .
If k = 4n + 2m + 3 and s = 2n + 1, then M = M O is the wonderful variety corresponding to the nilpotent orbit O of the case II, while if k = 4n + 2m + 4 and s = 2n + 1, then M = M O is the wonderful variety corresponding to the nilpotent orbit O of the case IV. By the previous proposition, the multiplication of sections is surjective for every couple of globally generated line bundles on M O . Since θ = D 2 is minuscule in N∆, it follows that O is normal.
7.4. Case V. The variety M O corresponds to the case (53) in [5] . We have Σ = {σ 1 , σ 2 , σ 3 } where
therefore we have ht(σ + ) = 2 for every covering difference. Correspondingly, we get the following low fundamental triples:
We need to show that s E+D−F V F ⊂ V D V E for all low fundamental triples (D, E, F ). As in the proof of Theorem A, if Supp(D + E − F ) = S we can proceed by localization and parabolic induction. In this way, the triples ( [5] . We have Σ = {σ 1 , σ 2 , σ 3 } where
Since the Cartan pairing of M O is the same as that of the previous case, it follows that the covering differences and the low fundamental triples are also the same.
In order to prove that
we can proceed by localization and parabolic induction. In this way, the triples ( In [1], Adams, Huang and Vogan study the model orbit in the Lie algebra of type E 8 . Their study is motivated by the so-called orbit method to construct representations of reductive Lie groups. In their case the group is the complex algebraic group of type E 8 considered as a Lie group. In particular they describe the decomposition into irreducible modules of the coordinate ring of the nilpotent orbit of type IX (see Section 7) and prove it is indeed a model orbit. In the same paper they also make some conjectures about another orbit which is the analogue of the model orbit for the split real form of E 8 .
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We start with some general preliminaries, we refer to [1] and to [38] for the motivation of these constructions coming from the representation theory of Lie groups. LetG R be a real form of a connected and complex algebraic semisimple groupG and let σ be the associated Galois involution ofG. There exists a complex algebraic involution θ ofG which commutes with σ such that the subgroup K R of points ofG R fixed by θ is a maximal compact subgroup ofG R . Then the subgroup K of points ofG fixed by θ is a complexification of K R . The Lie algebrag ofG decomposes as k ⊕ p where k is the Lie algebra of K and p is the eigenspace of eigenvalue −1 of θ. An analogue of the nilpotent cone N is defined as
Fix a point e ∈ N θ , let O be its K-orbit and K(e) its stabilizer. Consider the multiplicative character γ e of K(e) given by γ e (g) = det(Ad g k(e) ) det(Ad g k ) −1 . If χ : K(e) −→ C * is any multiplicative character we can consider the algebraic line bundle on O given by V χ = K × K(e) C χ . As in [1] , the pair (e, χ) is said to be admissible if O O has codimension at least two in O and χ 2 (g) = γ e (g) for all g in the identity component of K(e). In this paper we need a slightly more general definition of admissible pair.
Let G be a double cover of K and G(e) be the inverse image of K(e) in G so that O ≃ G/G(e). Let γ ′ e denote the character of G(e) induced by γ e . Given a character χ of G(e) we can construct the line bundle V χ as above. We say that the pair (e, χ) is admissible if O O has codimension at least two in O and χ 2 (g) = γ ′ e (g) for all g in the identity component of G(e). Let also G R be the inverse image of K R in G. Notice that G is the complexification of G R . The coverings ofG R are in correspondence with the coverings of K R hence there exists a Lie groupĜ R which is a double cover ofG R whose maximal compact subgroup is G R .
According to the orbit method it should be possible to associate with any admissible pair (e, χ) an irreducible unitary representation R(e, χ) ofĜ R such that the decomposition of the G R -finite vectors of R(e, χ) into irreducible submodules equals the decomposition into irreducible G-submodules of the space of algebraic sections Γ(O, V χ ) (see [1, Conjecture 2.9]). 8.1. The case of the complex model orbit. In [1] the geometric side of a particular case of this construction is analyzed. LetG R be the complex algebraic group of type E 8 . HenceG =G R ×G R and G = K is the diagonal subgroup. So p is isomorphic to the Lie algebra of G and one can consider the nilpotent orbit with Kostant-Dynkin diagram equal to (0, 1, 0, 0, 0, 0, 0, 0) (case IX of Section 7). We now introduce some notation, recall some properties of this orbit and deduce Adams, Huang and Vogan's result from the projective normality of model varieties.
We fix a maximal torus T , and a Borel subgroup of G containing T . We denote by Φ the set of roots and by S the set of simple roots determined by these choices. We denote also by ε 1 , . . . , ε 8 an orthonormal basis of X (T ) such that Φ and S have the following description (with respect to the choice given in [1] we have changed the sign of ε 1 ): Φ = A ∪ B where A = {±ε i ± ε j : i = j} and
) and
For each root α choose also an sl(2)-triple x α , α ∨ , y α where x α has weight α and y α has weight −α. Let β 1 = −ε 1 + ε 2 , β 2 = ε 3 + ε 4 , β 3 = ε 5 + ε 6 , β 4 = ε 7 + ε 8 and define e 0 = x β1 + x β2 + x β3 + x β4 , f 0 = y β1 + y β2 + y β3 + y β4
These elements are an sl(2)-triple and it is clear that e 0 is an element with associated Kostant-Dynkin diagram equal to (0, 1, 0, 0, 0, 0, 0, 0). Let O be its orbit. As we have already recalled in Section 7, the orbit of the line spanned by e 0 in P(g) is the open orbit of the model wonderful variety of E 8 . Notice also that the stabilizer G(e 0 ) of e 0 is connected in this case and has Levi factor isomorphic to Sp (8) and that the character γ e0 is trivial (see also [1] ). Hence we are interested in the space of regular functions on O. are the fundamental weights w.r.t. the simple system α 1 , . . . , α 8 . Notice also that, in the notation of the previous section, we have O = C D8 . Finally the spherical roots of M are
Here we have ordered them so that it is clear that they are a basis of a root system of type D 7 . Notice also that, since in this case ω is injective, the list above determines also the Cartan pairing c of the wonderful variety M . 
Proof. We know that O is normal by the discussion in Section 7, in particular we have O = C D8 = C D8 . Moreover each adjoint orbit has even dimension so the first equality follows by normality. Since O = C D8 we have also
Now notice that D 8 and the spherical roots are linearly independent and that ω is injective in this case, so all irreducible G-representations occur with multiplicity at most one. Moreover, since the variety is irreducible, if V (λ) and V (µ) occur in this decomposition then also V (λ + µ) occurs. Finally, we have
Notice that our proof of the normality of O relies on Theorem A for which we used a computer.
8.2.
From complex to real orbits: general considerations. LetG, K,g, p be as at the beginning of this section. Let O ⊂g be a nilpotent adjoint orbit of the complex algebraic groupG. We want to make some general remarks on the intersection O ∩ p. Fix e ∈ O ∩ p and letG(e) and K(e) be the stabilizers of e inG and K, respectively. The subgroupG(e) is stable under θ and we define Z = {z ∈G(e) : θ(z) = z −1 }. We have an action ofG(e) on Z by g · z = gzθ(g) −1 and we define H 1 as Z modulo the action ofG(e).
0 -orbit (whereG(e) 0 is the identity component ofG(e)).
Being O smooth and η an involution we deduce that O η is smooth. Take e ∈ O η . We prove that
Letg(e) be the annihilator of e ing and let y ∈g be such that y · e ∈ p. Then θ(y · e) = −y · e, hence z = θ(y) − y ∈g(e). Take u = 1 2 z then u ∈g(e) is such that v = y + u ∈ k and v · e = y · e. This proves that any K-orbit inG · e ∩ p is open. This implies i). Point iii) can be proved similarly and ii) is trivial.
In particular notice that if we prove that Z is connected then it follows that O ∩ p is a single K-orbit. We refine this lemma, using the Jordan decomposition. Choose an sl(2)-triple, e, h, f such that θ(h) = h and θ(f ) = −f , this is always possible, see [28, Proposition 4] . Let U be the unipotent radical ofG(e) and L = {g ∈G(e) : g · h = h}. ThenG(e) = L · U is a Levi decomposition ofG(e) (see [2, Proposition 2.4] ). Notice also that L and U are stable under the action of θ.
Proof. Let x, y ∈ Z L and assume that x = hyθ(h) −1 with h = ℓu, ℓ ∈ L and u ∈ U . It follows immediately that x = ℓyθ(ℓ) −1 . This prove the injectivity of the map H 1 L −→ H 1 . Now let z = ℓu ∈ Z with ℓ ∈ L and u ∈ U . From θ(z) = z −1 we deduce that θ(ℓ) = ℓ −1 and θ(u) = ℓu −1 ℓ −1 . Now being U unipotent there exists a unique v ∈ U such that v −2 = u. Using again that U is unipotent we deduce that θ(v) = ℓv
Hence the map H 1 L −→ H 1 is surjective. This proves i). Now ii) follows from Lemma 8.2.
8.3. The case of the real model orbit of E 8 . In the last two sections of [1] a real version of the model orbit is considered. We now recall, from [1] , some of the structural results about this orbit. We also prove Proposition 8.5 which is problably well known and it is somehow implicit (even if not necessary) in the discussion in [1] . LetG be the complex algebraic group of type E 8 and letG R be its split real form. Then K is isomorphic to a quotient 2 to 1 of Spin (16), more precisely we can coniugateG R so that k is the Lie algebra spanned by t, the Lie algebra of T , and by the vectors x α with α ∈ A. With this choice p is spanned by the vectors x α with α ∈ B.
As a simple system for the root system of k ≃ so (16) we choose the usual basis, but we enumerate it starting from zero, that is τ i = ε i+1 − ε i+2 for i = 0, . . . , 6 and τ 7 = ε 7 + ε 8 .
We denote by ω D i the associated fundamental weights. In particular we obtain that p is the spin representation associated to the weight ω D 7 . Moreover, sinceG is simply connected the subgroup K is connected. Finally notice that ω D 6 ∈ X (T ) while ω D 7 ∈ X (T ). Hence the group K is the quotient 2 to 1 of Spin (16) . We set also G = Spin (16) . Notice that in [1] K is claimed to be isomorphic to Spin (16) , but this does not seriously affect any of their arguments.
In order to prove that the roots τ 1 , . . . , τ 7 are coniugated to the roots σ 1 , . . . , σ 7 introduced in Section 8.1, we introduce a new simple system of the root system of type E 8 . The vectors
form an orthonormal basis of t * , and ±v i ± v j ∈ Φ for i odd and j even. Notice also that
form a simple system of Φ (since they are elements of Φ with the right scalar products). Hence there exists an element w in the Weyl group such that w(ε i ) = ζ i , for all i. Finally, notice that we have
We denote by Λ the weight lattice of Spin (16) and by Λ E = X (T ) the sublattice given by the weights of E 8 . We denote also by Λ + the dominant weights of Λ w.r.t. the simple system τ 0 , . . . , τ 7 and by Λ Consider the semisimple part K 0 of the standard Levi factor of the maximal parabolic subgroup P 0 of K associated with τ 0 . This is a group isogeneous to Spin(14), we denote its Lie algebra by k 0 . Let p 0 be the subspace of p spanned by the root vectors of weight of the form Proof. The vectors
form an orthonormal basis of t * , and ±u i ± u j ∈ Φ if i is odd and j is even. Notice also that
is a simple system of Φ. Hence there exists an element w of the Weyl group such that w(ε i ) = η i , for all i. Choose a representativeẇ of w inG. Define e =ẇ(e 0 ),
, where w(β 1 ) = δ 1 = −η 1 + η 2 , w(β 2 ) = δ 2 = η 3 + η 4 , w(β 3 ) = δ 3 = η 5 + η 6 , w(β 4 ) = δ 4 = η 7 + η 8 and similarly for f .
Notice that e ∈ p 0 . Moreover, the two vectors e and h 8 are linear combinations of vectors of the same weights δ 1 , δ 2 , δ 3 , δ 4 and these weights are linearly independent, so they are conjugated under the action of the maximal torus.
As shown in the proof we can choose a representativeẇ of w such thatẇ(e 0 ) = h 8 . Set e = h 8 and h = w(h 0 ). In particular the stabilizer of e is the parabolic induction of the stabilizer of h 8 in Spin (14) . More explicitly, we have
is the Lie algebra of the unipotent radical of the parabolic subgroup opposite to P 0 , h 0 is the annihilator of h 8 in k 0 and ω ∨ 0 is orthogonal to τ 1 , . . . , τ 7 . In particular the Levi factor of k(e) is isomorphic to gl(4).
We now want to describe in some detail the stabilizer K(e) and apply Lemma 8.3 to prove that O ∩p is a single K-orbit. As recalled in Section 8.1, the Levi factorL ofG(e) is Sp(8) and L =L θ . Furthermore, notice that there is only one involution of Sp (8) such that the Lie algebra of the fixed point subgroup is isomorphic to gl(4). This involution can be described as follows. Define the 8 × 8 matrices
and Sp (8) as the matrices preserving the form J. Then Sp (8) is stable under the conjugation by the matrix ρ, which is an involution. Moreover L is isomorphic to GL(4).
Proof. By Lemma 8.3 and the above discussion, it is enough to prove that
Acting by g ∈ Sp(8), via g · z = gzθ(g) −1 , we remain in the same connected component. Using g of the form
with α ∈ GL(4) we see we can assume that B is of the form 0 γ we can also assume that d is diagonal. Now we choose g of the form ( I sI 0 I ). We get
If we compute the determinant of B + s(A + A t ) + s 2 C we see that it is a polynomial in s and its lowest degree term is 4 det(d). Hence there exists s such that B + s(A + A t ) + s 2 C is invertible. So we can assume B invertible and arguing as before we can assume B = I 4 . Now, for B = I 4 , the equations in (4) take the form A = A t = D, and C = −I + A 2 . Such equations define an algebraic subset which is isomorphic to an affine space and, in particular, connected. Therefore Z L is connected.
8.4. The coordinate ring of the real model orbit. Here we describe the coordinate ring of O ∩ p. In [1] it is shown that this description follows from a vanishing result which in the case of the real model orbit is conjectural (see Conjecture 3.13 and Theorem 7.13 in [1] ).
Let M 0 be the wonderful comodel variety of cotype E 8 . This is a wonderful variety for the group Spin (14) . Consider the parabolic induction M of M 0 . This is a wonderful variety with spherical roots equal to τ 1 , . . . , τ 7 and colors D Let
Theorem 8.6. The cone O p is normal and we have the following isomorphisms of K-modules
Proof. Notice that the combinatorics of colors and spherical roots is essentially the same of that of the model wonderful variety of type E 8 . In particular, since D Notice that our proof of the normality of O p via Theorem 5.1 did not require any computer calculation. Moreover, the description of the coordinate ring of the normalization of O p is independent of Theorem 5.1.
The combinatorics of distinguished subsets of colors allows to describe completely the K-orbits in the closure of O p (see for example [18] ), and in particular to prove that O p O p has codimension at least two in O p . Indeed, one sees that this property depends only on the combinatorics of colors and spherical roots, and in this case the combinatorics is the same of that of the complex model orbit, whose boundary has codimension at least two.
1
Here we can avoid such an argument. Below we will prove that C[O p ] = C[O p ] and this will also imply that O p O p has codimension at least two.
8.5.
Computation of the space of sections of a line bundle associated to an admissible pair: general considerations. For the next lemma we put ourself in a general setting. Let G be simply connected and let M be a wonderful compactification of G/H. Let E ∈ N∆. Let C h be a line in V (ω * E ) where H acts with character ξ E . Assume that the stabilizer of C h is equal to H and let H 0 be the stabilizer of h. Furthermore, assume that ξ E induces an isomorphism of H/H 0 with C * : we identify H/H 0 with C * using this isomorphism. Finally, notice that H/H 0 acts on the right on G/H 0 . Lemma 8.7. Let D ∈ Z∆ and let χ denote the restriction of ξ D to H 0 . We have the following isomorphism of G-modules
Now notice that H acts on (V (λ) ⊗ C −χ ) H0 and so the latter decomposes according to the action of a character of the form ξ D + nξ E . Moreover, all these eigenspaces will be of dimension one, since H is spherical. Hence we have
Now recall that the space of spherical vectors
is nonzero if and only if F ∈ N∆, and ξ F = ξ D+nE if and only if F = D + nE − σ for σ ∈ ZΣ.
Let us specialize this identity to the case D = 0 and compare the coordinate ring of G/H 0 with the coordinate ring of the normalization of its closure in V (ω * E ). Since
we have the following.
is equivalent to the fact that, for all n ∈ Z and σ ∈ ZΣ, if nE − σ ∈ N∆ then n 0 and σ ∈ NΣ.
We now apply this lemma to our special case in which G is Spin(16), H 0 = G(e), M is the wonderful compactification of X p and E = D In particular it is not the square of a character. However, on the cover G of K we can consider the character −ω D 0 = −ε 1 , and we denote by χ its restriction to G(e). We have χ = Hence we obtain n 0 and σ ∈ NΣ. In particular the condition a 0 0 is automatically satisfied. As already noticed in the proof of Theorem 8.6, Λ + E consists of the weights of the form ω(nD 9. Degeneracy of the multiplication.
Here we give a counterexample to the surjectivity of the multiplication of sections of line bundles, on wonderful varieties, generated by global sections. . In particular, the multiplication of sections is not surjective, for all r 4. 9.2. Degeneracy of the multiplication. Roughly speaking, in its nature the previous example does not express a lack of the multiplication, but rather a lack of the tensor product. Indeed V (ω 1 ) ⊂ V (ω 2 ) ⊗2 but V (2ω 1 ) ⊂ V (2ω 2 ) ⊗2 , so that it expresses the fact that the saturation property does not hold for groups of type B: similar things cannot happen if G is of type A and, conjecturally, whenever G is simply laced. It is worth noticing that the same situation holds if we consider the multiplication of the wonderful variety considered in previous example:
. We briefly recall what the saturation property is. Let G be a simply connected almost simple algebraic group. We say that the saturation property holds for G if, whenever d > 0 and λ, µ, ν ∈ Λ + are such that ν λ + µ and V (dν) ⊂ V (dλ) ⊗ V (dµ), then it holds also V (ν) ⊂ V (λ) ⊗ V (µ). In [27] A. Knutson and T. Tao shown that the saturation property holds if G is of type A, while in [24] M. Kapovich and J. Millson conjectured that the saturation property holds whenever G is simply laced.
We want to consider the saturation property in the more general context of the multiplication law attached to a wonderful variety, the classical case corresponding to the wonderful compactification of an adjoint group ([23, Lemma 3.1]). We say that the saturation property holds for a wonderful variety M with set of colors ∆ and set of spherical roots Σ if, whenever d > 0 and D, E, F ∈ N∆ are such that D Σ E + F and s d(E+F −D) V dD ⊂ V dE V dF , then it holds also the inclusion s E+F −D V D ⊂ V E V F . Suppose that M is a wonderful variety and let E, F ∈ N∆. Then the following inclusion holds
If the equality holds in the previous inclusion, then we say that the product V E V F is non-degenerate, while if the equality holds for every E, F ∈ N∆ then we say that the multiplication of M is non-degenerate. It is easy to show that if the multiplication of M is non-degenerate and if the saturation property holds for G, then the latter holds for M as well.
Another equivalent description of the multiplication follows by identifying sections of line bundles on M with H-semiinvariant functions on G, H acting on the right. More precisely, given E ∈ N∆, we may identify Γ(M, L E ) with a submodule of C [G] (H) . This yields a decomposition
which is compatible with the multiplication of sections, therefore we may also regard the product V E V F as the restriction of the natural multiplication in C[G] (H) .
Example 9.1. Let G = SL (2) and consider the basic case of the rank one wonderful variety M = P 1 × P 1 , whose generic stabilizer is the maximal torus T . Then Σ = {α} is the unique simple root of Given n ∈ N, identify the simple G-module V (n) of highest weight n with C[x, y] n , the set of homogeneous polynomials of degree n in two variables. Given aD + +bD − ∈ N∆, the corresponding T -eigenvector is h(a, b) = More generally, the multiplication is degenerate whenever Σ ∩ S = ∅. This can be reduced to the basic case of SL(2)/T as shown in the following proposition. Proposition 9.2. Suppose that S ∩ Σ = ∅. Then the multiplication is degenerate.
Proof. Let α ∈ S ∩ Σ and suppose that the multiplication is non-degenerate. Consider the rank one wonderful subvariety M ′ defined by intersecting all the G-stable prime divisors M σ with σ ∈ Σ {α}, denote ∆ ′ its set of colors. Then M ′ is the parabolic induction of a wonderful variety for SL(2) isomorphic to P 1 × P 1 , whose generic stabilizer is a maximal torus of SL(2) and whose set of colors is identified with ∆ ′ (α) = {D ∈ ∆ ′ : P α D = D}, where P α denotes the minimal parabolic associated to α. It follows then by Corollary 1.7 that, for every 
Therefore, we have deduced that the multiplication of M ′ is non-degenerate, but this is a contradiction by the previous example together with Proposition 1.6. Given a spherical subgroup H ⊂ G, define its spherical closure H as the kernel of the action of the normalizer N G (H) on X (H). If H is equal to its spherical closure, then we say that H is spherically closed. By a theorem of F. Knop [25, Corollary 7.6] , if H is spherically closed then G/H admits a wonderful compactification. If G is not simply laced, then not spherically closed spherical subgroups H such that G/H admists a wonderful compactification exist. The projection G/H −→ G/H canonically identifies the colors of G/H with those of G/H.
Generally speaking, if M is the wonderful compactification of G/H where H is not spherically closed, then the multiplication may be degenerate. Indeed, it is easy to show that C [G] (H) = C[G] (H) , therefore, if Σ is the set of spherical roots of G/H and if D ∈ N∆ is such that V D ⊂ V E V F , then it must be D Σ E + F . In this way we may construct examples of non-spherically closed spherical subgroups H of G (possessing no simple spherical roots) whose associated multiplication is degenerate. Example 9.3. Consider the non-adjoint symmetric wonderful variety M for Sp(8) with spherical roots σ 1 = α 1 + 2α 2 + α 3 , σ 2 = α 3 + α 4 . Then M possesses two colors D 2 and D 4 , where ω D2 = ω 2 and ω D4 = ω 4 . Then we have D 2 < Σ 2D 2 and V (ω 2 ) ⊂ V (ω 2 ) ⊗2 , on the other hand Σ = {σ 1 , 2σ 2 } and 2D 2 − D 2 = σ 1 + σ 2 ∈ NΣ, therefore it cannot be V D2 ⊂ V 2
D2
. Suppose now that M is a strict wonderful variety and suppose that E, F ∈ N∆ are such that E + F is not faithful. The following example shows that the product V E V F may be degenerate, essentially reducing to a not spherically closed case. Question. Let M be a strict wonderful variety and let E, F ∈ N∆ be such that E + F is a faithful divisor. Is the product V E V F non-degenerate?
Suppose that G is simply laced: then the class of the strict wonderful varieties is stable with respect to the operation of quotient by a distinguished set of colors, so phenomena as that in Example 9.4 cannot happen. Therefore, if the answer to the previous question was affirmative, proceeding by induction on the rank of M , it would follow that the multiplication is non-degenerate whenever M is a strict wonderful variety for a simply laced group.
